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Finite Difference Calculations of Unsteady
Premixed Flame-Flow Interactions

S. R. Mulpuru* and G. B. Wilkin*
Atomic Energy of Canada Limited, Pinawa, Manitoba, Canada

A conservative, explicit, hybrid, finite difference method based on the techniques of flux splitting and flux
correction is presented for the calculation of one-dimensional, premgxed flame-flow interactions. The intent has
been to eliminate flame structure resolution, which is computationally expensive, and focus on the pressures and
temperatures resulting from the interactions. Accordingly, the flame is treated as a discontinuity propagating in
a Eulerian grid and obeying a specified, empirical burning law. Comparisons with closed-form solutions of
flame-flow interaction problems involving shock, expansion wave, and contact discontinuity show that the

method correctly predicts the outcome of the interactions.

Nomenclature

=local sound speed

= duct cross-sectional area

= Jacobian matrix

=surface area enclosing a volume

= dimensionless constant

= total energy density

= eigenvector

= flux vector

= momentum density

= unit normal vector pointing outward from a surface
= pressure

= energy of reaction at 0 K per unit mixture mass
= vector of mass, momentum, and energy densities
= burning velocity

=time

= flow velocity

= nodal volume

=velocity of the boundary, or flame velocity

= position coordinate

= space step

=time step

= positive parameter

= specific internal energy

= ratio of specific heats

= eigenvalue:

= mass density
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Subscripts

b =burnt gas

F = flame

L,R  =interfacesin Fig. 2a

u = unburnt gas

Superscripts

() = energy of formation included

()* =unburnt side adjacent to the flame
()~ =burnt side adjacent to the flame
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1. Introduction

NALYSIS of unsteady combustion, which occurs for

example in internal combustion engines or accidental
fuel-air explosions, requires the capability of predicting the
resulting flowfield and overpressure and temperature tran-
sients. The processes relevant for the analysis are ignition,
laminar and/or turbulent flame propagation, and interactions
among the flame, flow, and system boundary which result in a
complicated flow pattern consisting of shock and expansion
waves and contact discontinuities. Deflagration to detonation
transition (DDT), with its concomitant large overpressures,
can occur as a result of these interactions.’

“We are concerned here with finite difference solutions of
premixed flame-flow interactions. The governing equations?
are the ‘conservation equations of mass, momentum, and
energy of a chemically reactive flow, together with equations
defining submodels for chemical kinetics and turbulence.
Numerical solution of these equations within the flame zone,
where the hydrodynamic and chemical processes are in-
timately coupled, poses some difficulties. Earlier work on this
subject includes that of Oran et al.,? Boni et al.,* and Dwyer
and Sanders.® Two difficulties reported in these references are
the excessive computation time required to solve the detailed
kinetic models, and the interference of either spurious
oscillations or numerical diffusion with the reaction rates and
physical diffusion within the flame zone. The reasons behind
these difficulties are as follows.

First, the time scales of the chemical and hydrodynamic
phenomena are different by several orders of magnitude.
Using time steps small enough to finely resolve fast chemical
kinefic processes involving several species and reactions is
computationally expensive. Second, properties vary rapidly
within the flame zone. In a Eulerian system, higher order
(=2) approximations of the convective terms of the con-
servation equations generate spurious oscillations in the
vicinity of large gradients.® These oscillations may trigger
convergence to physically false solutions.” They can be
suppressed either by using first-order accurate solutions which
implicitly contain numerical diffusion or by explicitly adding
the diffusion to the higher order solutions. To ensure that
numerical diffusion doés not swamp physical diffusion, it is
necessary to maintain the cell Reynolds number Re,
=U(Ax)/v [the ratio of the numerical diffusivity (UAx)
to the physical diffusivity (v)] much less than unity. This can
be accomplished by reducing the grid size Ax within the flame
zone, which in turn necessitates reducing the time step size to
satisfy the Courant stability limit (in the explicit methods).
This translates again into higher computation cost. Using a
Gedanken numerical experiment on simple 6ne-dimensional
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flame propagation in a 1-m-long tube, Oran and Boris®
recently showed that it is prohibitively expensive to finely
resolve the chemical and hydrodynamic processes. It is
therefore necessary to introduce appropriate empiricism into
the problem in order to reduce the computation cost.

The burning velocity of a premixed flame quantifies the
aggregate effect of the interaction of the hydrodynamic and
chemical kinetic phenomena within the flame zone. It is
defined as the flame front velocity normal to and relative to
the unburnt gas velocity. Experimentally measured and
correlated empirical relations are available in the literature®'?
for both laminar and turbulent burning velocities as functions
of the unburnt mixture thermodynamic state and flow
properties. The empirical relations can be used to specify the
flame burning velocity in models that embed a discontinuous,
propagating flame in a computational grid. The discon-
tinuous flame model eliminates calculation of the flame
structure and yet has the potential to yield reliable flowfield
information. The subject of this paper is the construction of
such a model for one-dimensional flow, and demonstration of
the calculation of flame-flow interactions.

Besides™ the flame, the flowfield involves other sharp
propagating gradients (waves). Between the two types of what
are known as ‘‘shock capturing”’ and ‘‘shock fitting”’
methods, we chose a method of the former type to calculate
the flowfield. Kurylo et al.'* used a method of the latter type
to analyze flowfields generated by accelerating flames. While
the fitting methods yield more accurate results, they are
difficult to implement because they require ‘‘remembering’’
when and where the waves arise, tracking them in position
and time, and explicitly handling each of the various possible
interactions among the waves. The shock capturing methods,
in contrast, calculate the waves and their interactions
automatically whenever and wherever they occur and are
easier to implement. To reduce computation cost, we chose a
shock capturing method recently developed by one of the
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Fig. 1 Discretization of the duct into nodal volumes. Flame is
defined as a (moving) boundary between two volumes.

T
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Fig. 2 Grid rearrangement when the nodal volume ahead of flame
shrinks to a preset value.
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authors, '’ based on the techniques of flux splitting'® and flux
correction.!7-20

We describe in Sec. II the embedding of a discontinuous
flame in a Eulerian grid, briefly review in Sec. III the method
to calculate the flowfield, and in Sec. IV we compare the finite
difference and closed-form solutions of some flame-flow

interaction problems.

II. Flame Embedding in a Eulerian Grid

Grid Arrangement

A duct of variable cross-sectional area is chosen to illustrate
the grid arrangement for a moving flame (Fig. 1). This
arrangement and the equations to be derived later are also
applicable to cylindrical and spherical geometries.

The duct is discretized into a number of contiguous nodal
volumes (Fig. 1), at the center of which volume-averaged
mass, momentum, and energy densities are defined. The
flame is defined initially to be the interface of two adjacent
volumes separating the burnt and unburnt regions. The flame
is advanced in position and time, subject to satisfying a
specified empirical relation for burning velocity and the
conservation of mass, momentum and energy.

As the flame advances (Figs. 2a and b), the volume behind
it (b) grows while the one ahead of it (u) shrinks. To avoid
numerical difficulties, it is necessary to rearrange the grid in
the neighborhood of the flame before the shrinking volume
assumes too small a value. When Ax (Fig. 2¢) of the shrinking
volume is less than a specified fraction (Y2) of its initial
volume (Ax) , the interface R ahead of it is eliminated and the
two nodes adjacent to the eliminated interface are replaced by
one node between the flame F and the interface B (Fig, 2d).
The mass, momentum, and energy densities at the new node
are defined as volume-weighted averages of the values in the
eliminated nodes. This results in numerical mixing (dif-
fusion), which can be reduced by using a finer grid, but.
cannot be eliminated entirely. The enlarged volume behind the
flame (Fig. 2c) is split into two (Fig. 2d) by inserting an in-
terface (C) at the location where the flame interface was
initially situated (Fig. 2a), thus recovering the original
volume. The procedure is repeated when the Ax of the new
volume ahead of the flame, bounded by interfaces F and B
(Fig. 2d) shrinks again to the preset value. Note that the flame
always remains as an interface between two volumes, and the
number of nodal volumes, both within the rearranged zone
and globally, remains the same. Therefore, modification of
information in the computer memory corresponding to the
grid rearrangement is required only in the immediate vicinity
of the flame zone, and hence is efficient.

Equations for Volumes with Moving Boundary

The discretized nodal volumes (Fig. 1) are of two types. In
the first type, the flame is part of the boundary enclosing the
volume, which is allowed to change as the flame moves. In the
second type, the boundary is stationary. For volumes of the
first type, it is convenient to write the governing mass,
momentum, and energy conservation equations in integral
form. These equations of an ideal, compressible flow of a
perfect gas mixture, for a volume ¥ whose bounding surface
B moves with an arbitrary velocity W are?':

d .

agvpdV-f- SBp(U-— W) -AdB=0 )
d . .
—d—tSVGdV+ SB G(U- W)-ndB+SB AipdB=0 @)
d; . .
oTsze dv+ SB [e* (U= W) +pU] - idB=0 3)
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where G=pU 1C))
e*=e+peg (5)

e=ple+U?/2) ©)

p=(y—1)pe )

The energy equation (3) is written in terms of e* (which in-
cludes the energy of formation ¢,) in order to account for the
energy transfer due to burning between two nodal volumes (b
and u in Fig. 1). For all the nodal volumes where no burning
takes place, this equation can be rewritten in terms of e by
virtue of Eq. (1) as: i

%gVedV+ SB [e(U—-W)+pU]-AdB=0 8)

After simplifying for the one-dimensional case, Eqs. (1-3) can

be written for the two volumes b and u (Fig. 2a) adjacent to
the flame as:

d(@* V),

V)0 _ (4R, — (AFDF4R, ©
ﬂ‘%ﬁ — (AF)i— (AF")z +R, (10)

Here, the subscripts denote either a node or an interface. The
vectors Q*, F*, and R are given in terms of averaged quan-
tities as:

o G 0
0*=| G |; FF=|G?/p+p ; R=|p(Ap—A;)
e* G/p(e*+p) 0

)

(F£)* and (Ff)~ denote fluxes on the unburnt and burnt
sides, respectively, of the flame. Assuming that the properties
just behind the flame are the same as those at the nearest node
of the same side, and using the definition of the burning
velocity,

S=W-—(G/p), 12)
the fluxes can be written as:
—puS
(FH»* = | -G,S+P, (13)
—exS+ (pG/p)

(F*)™ = | =G, [S+(G/p),— (G/p)p] +ps (14
—e} [S+(G/p),— (G/p)p 1 +Dp(G/p)y

Equations (9) and (10) are also applicable to cylindrical and
spherical geometries. In these cases, the cross-sectional area A
assumes a linear and quadratic relationship, respectively, with
the spatial coordinate.

The conservation of mass, momentum, and energy flux
across the flame discontinuity dictates satisfying the Rankine-
Hugoniot relations

Fp)-=FRT (1s)
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Numerical Solution

The time rates of change of properties in the two nodes
adjacent to the flame are described by Eqgs. (9) and (10). We
advance the numerical solution of these equations from time ¢
to £+ Af in two fractional steps. For this purpose, the terms on
the right-hand sides of these equations are split into two
groups. Convection fluxes through the stationary interfaces L
and R [(AF*), and (AF*),]) comprise the first group. The
terms belonging to the second group, (AF*)f, (AF*)F, and
R,, R, account for the fluxes due to flame movement and
momentum source terms.

The first fractional step involves calculating provisional
values of the dependent variables by advancing convection
through the stationary interfaces, while freezing the flame
movement:

(@* V)4 =(Q* V)| + At (AFY)], (16)
(Q*V) P4 =(Q* V) — At- (AF)} an
Here, the superscript £+ At indicates a provisional value.
The second fractional step corrects the provisional values
by accounting for the flame movement in the time interval Af:

(@ V)54 =(Q* V[T — At- [(AF*)]°

+ALR) |+ (RG] /2 (18)

(Q°V) ¥ = (@ V) [ + AL [(AF*)F |
AR+ (R)TA)/2 (19)

Here the superscript ¢ denotes an average value in the time
interval Az. The volumes at the advanced time 7+ Af can be
expressed by integrating the flame velocity W [Eq. (12)] using
the trapezoidal rule as:

Vi =V, + At[{Ap(S+ (G/p) ) )
+{A(S+(G/p),)}'1/2 (20
and by volume conservation,
VRSV = V4V @n

Since the conservation of mass, momentum, and energy
dictates that the average flame flux terms in Egs. (18) and (19)
be equal, addition of these equations results in cancellation of
these terms, yielding:

(@ W+ (@ N = (@ V)
+(Q* V) + Ar-[(R) + Ry ) + (RL+R,F2) 172 (22)

Equation (22) is a set of conservation statements for the
combined nodal volumes b and u (Fig. 1). It eliminates the
need to define explicitly the average flame fluxes in Egs. (18)
and (19), and provides instead three equations for the
simultaneous solution of the six unknowns (Q})’*4 and
(@) in the two nodes adjacent to the flame. The other
three equations are provided by the Rankine-Hugoniot
relations [Eq. (15)] at the advanced time ¢+ At:

[(FF) ~ 18 =[(Fp) " 17 (23)

Before solving iteratively, we rewrite Eqs. (22) and (23) in
terms of the total energy e instead of e* (splitting the energy of
formation) by substituting Eq. (5) and using the first com-
ponent (mass) equation of each of Eqgs. (22) and (23) as:

(QV)5 2+ (QV) (A = (QV) (4 + (QV) [FaT

+ AR, + RUFA) + (R, + RIF2))/24+H, (24)
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(Fp) "1+ =[(Fp) ") + H, (25)

where
0
H,= 0 (26)

—[eWV) A = (pV) i g

0
H,= 0 2n

0uSq

and g is the energy of reaction at 0 K per unit mixture mass,
given by:

q= ()~ (€0)s (28)

Here, Q, F, (Fz) 7, and (Fr) ~ are the counterparts of Q*, F*,
(F3) *, (Ff)~ obtained by omitting the superscript * in Eqs.
(11), (13), and (14). The burning velocity S in Egs. (20) and
(27) can be expressed empirically as a function of the unburnt
mixture thermodynamic state as

$=8(Q), (29)

A specific form of relation (29) used in testing the numerical
‘method can be found in Eq. (52).

Equations (24) and (25), together with the auxiliary
relations (29), (20), and (21), constitute six nonlinear algebraic
equations in six unknowns (Q,) 4" and (Q,)'*%. These are
solved iteratively using the Newton-Raphson method until
specified convergence criteria are achieved.

III. Numerical Method for Volumes
with Fixed Boundaries

Solution Aspects of Equations

The boundaries of all the nodal volumes (Fig. 1) in the
burnt and unburnt regions, except for the two adjacent to the
flame, are stationary (W =0). For such a nodal volume /, Egs.
(1), (2), and (8) can be simplified to a form analogous to Egs.
(9) or (10) as:

d(AQ)i
dtQ ={(AF);_y, — (AF) ;. , }/ Xip 1y = Xi_ 1)
0
+ | PiAy — A ) (X —Xi_y) 30
0

In the limit of (x,, ,, —X;_ ;) tending to zero, Eq. (30) assumes
the familiar weak conservation form:

9(AQ) . I(AF)
=7 31
at + ax 3D
where
0
Z=| pdA/dx (32)
0

Based on the analysis of a homogeneous, linear, scalar
version of Eq. (31), Godunov® showed that higher-order (=2)
finite difference schemes yield spurious oscillations in the
vicinity of sharp gradients, whereas the first-order accurate
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schemes do not. However, higher order schemes yield more
accurate results in the smooth regions. A way to exploit the
desirable features of each method is to use a hybrid scheme
that weights the solution of a higher order scheme as heavily
as possible with that of a first-order scheme, subject to the
restriction that the final weighted solution be free of spurious
extrema. Zalesak?® designed such a weighting procedure and
showed that it was a generalization of the flux correction
procedure developed by Boris et al.!”1?

Equation (31) is solved using an explicit hybrid scheme that
was recently developed by one of the authors!® for the
homogeneous form of Eq. (31). The scheme, briefly described
below, involves estimating a lower order and a higher order
accurate solution based on flux splitting,'® and weighting the
two estimates.

Split-Conservation Form

Stegar and Warming'® showed that the flux vector F [Eq.
(11) with omitted superscript *] satisfies the relation

F=[A]Q (33)
where [A] is the Jacobian [dF/3Q), and F can be written in a

split form using the properties of [A4] as:

3
F= Y M\ f, (34)
=1

where N\;, A,, and \; are the distinct eigenvalues of [A], and
fi» [>, and f; are the eigenvectors corresponding to the
eigenvalues. Using relations (33) and (34) it has been shown!’
that the vector @ is composed of the eigenvectors f; as

3
0= ) fi 35)
=1
Specifically,
N=U N=(U+a), N=(U—a) (36)
2 I
_ply=1) . _
f1—~~—~2y 2U |; f2—2— (U+a)
U? (U+a)?/2+w
1
fi=o (U-a) 37
Y
(U=a)2/2+w
where
(3—y)a?
=—= = 38
2(y—1) 38)

One can easily check relations (34) and (35) using Egs. (36- -
38). By virtue of relations (34) and (35), one can see that Eq.
(31) possesses a split-conservation form:

%{A gfy}+% {A Z; xm}:z 39)

Numerical Method

Equation (35) suggests that the solution increment 6(AQ)
over a time step At can be built up linearly on a finite dif-
ference grid by summing the corresponding increments of the
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Table 1 Properties obtained by closed-form solutions (see Figs. 3-5)

Problem 1 Problem 2 Problem 3
Region o, kg/m3 u, m/s a, m/s 0, kg/m3 u, m/s a, m/s I kg/m3 u, m/s a, m/s
1 0.8671 6.762 409.6 1.587 283.2 469.5 0.1859 ~61.96 803.8
2 0.1878 —-0.02525 804.1 0.4289 194.8 817.2 0.3809 555.1 860.6
3 0.1901 —10.10 805.0 0.5440 -2.169 834.2 0.5082 302.5 882.5
4 0.1904 —-10.10 804.3 0.5603 —-2.169 822.0 0.5823 302.5 824.4
5 0.8769 —11.33 410.5 1.936 93.24 489.4 1.948 400.5 499.1
6 N/A N/A N/A 2.128 139.9 498.8 0.8672 6.762 409.6

TIME

POSITION

Fig. 3 Wave system resulting from a step increase in flame speed.
Interfaces of adjacent regions denote waves. These are: 1-2, initial
flame; 4-5, flame with increased speed; 2-3 and 5-1, shock waves
resulting from step increase in flame speed; 3-4, contact discontinuity.
" Properties of each region are given in Table 1.

eigenvectors:
3
0,40 =5,(4 1 1) (40)
=1
where
sip=0oIt — o] 41

and ¢7 denotes ¢ (x, +iAx, t,+nAt). To facilitate calculation
of the individual increments on the right-hand side of Eq.
(40), Eq. (39) can be further split into individual vector
continuity equations:

] a
FY (Af) +— (AN f) 1=K, =123 (42)
t ax

where K, satisfies the relation:

3
Y k=2 3) |

One-step, explicit, conservative schemes for the solution of
Eq. (42) that use three-point, central-difference operators can
be written in a general form:

8; (Afy ={(C_D)0}i—%_{(C_D)t’]i+Vz
+ KA, (=1,2,3 (44)

where C and D represent the fluxes that are due to convection
and numerical diffusion, respectively. They are defined,
incorporating both a first-order accurate upwind scheme and
a second-order scheme, as follows!3:

1 At
(C[)i+’/z=§A_x{A()\f)[}rr'l+l+{A()\f)t’};1; =123 (45)

1 At

(De)i+'/z=§ Ax{()\i)?+l/z }is s [{\A()\f)f}f'w

A3 =123 (46)

TIME

POSITION

Fig. 4 Wave system resuiting from a shock-flame head-on collision.
Interface 1-2 denotes the flame before the collision; 4-5, flame after
collision; 1-6, incident shock; 2-3, transmitted shock; 5-6, reflected
expansion wave; and 3-4, contact discontinuity.

TIME

—-
POSITION
Fig. 5 Wave system resulting from a shock-flame merging. Interface
6-1 denotes initial flame; 2-1, shock before merging; 2-3, reflected

shock; 5-6, transmitted shock; 4-5, flame after the encounter; and 3-4,
contact discontinuity.

where
AL =N+ (N2 6=1,2,3 7

and (8;) 4 1, is a dimensionless positive parameter. The larger
the value of (8;) ;4 1, the more numerical diffusion the scheme
has. The choice:

B izn=15 =123 (48)
defines a first-order accurate upwind scheme, and
B iwns =1\ iy 1AL/ Ax; £=1,2,3 49)

defines a scheme similar to the second-order Lax-Wendroff
scheme. Substituting Eq. (44) into Eq. (40), one obtains the
following for the advancement of the solution vector (4Q):

3
5:(AQ)= Y, [{C—D) )i —((C=D) )iy s 1 +Z- At

=1

(50

Equations (50) and (45-48) define a first-order upwind
scheme. The same equations, with Eq. (48) replaced by Eq.
(49), define a second-order scheme similar to the Lax-
Wendroff scheme. For both schemes, the stability condition,
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~ Fig. 6a Initial density profile for the first problem (step increase in
flame speed).
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Fig. 6b First- and second-order accurate solutions (dashed lines) at
an instant after step increase in flame speed. Solid line indicates
analytical solution. The four step changes in the solid line profile
starting from the left indicate shock wave, contact discontinuity,
flame, and shock wave, respectively (see Fig. 3). The dashed vertical
line indicates flame location separating burnt and unburnt regions.
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Fig. 6¢  Flux-corrected solution at the same instant as in Fig. 6b.

based on a linear (constant A,), homogeneous version of Eq.
(42), is: :

INIAt/ A< I, (=1,2,3 51

Delegating the source (last) term ZAf in Eq. (50) to a frac-
tional step, the lower and higher order solutions are weighted
by using, without change, the procedure developed by
Zalesak.? The resulting hybrid scheme, in conjunction with
that outlined in Sec. II for the solution at the two special
nodes adjacent to the flame, is used here to calculate the
flame-flow iteractions.

1V. Flame-Flow Interactions
It is well known that flames subjected to perturbations
generate pressure waves.?>?> The interactions among these
waves, the flame, and the system boundary result in a
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Fig. 7a Initial density profiles for the problem of shock-flame head-
on collision.
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Fig. 7b  Flux-corrected solution obtained by weighting the first- and
second-order accurate solutions.

complicated flow pattern consisting of shocks, expansion
waves, and contact discontinuities. In this section, the finite
difference solutions are benchmarked on some of these in-
teractions. The geometry considered is a duct of uniform
cross-sectional area. In particular, the following three
problems are presented: a) step increase in the flame speed; 2)
shock-flame head-on collision; and 3) shock-flame merging.

The wave systems resulting from these interactions are
shown in Figs. 3-5; a description is given in the captions. Each
of these interactions leads to the formation of new regions 3,
4, and 5. It is of interest to calculate the uniform properties in
the new regions. Oppenheim et al.?® developed the vector
polar method—a graphical technique to calculate such wave
interaction processes. Here, we eschew the inconvenience of a
graphical technique and instead solve numerically closed-
form algebraic relations that define these properties in the
new regions. Using the two conditions that the pressures and
velocities on both sides of the contact discontinuity (Figs. 3-5)
must be equal, one can express the properties in the new
regions in closed form by two nonlinear algebraic equations in
two independent variables; these being the strengths (pressure
ratios) of the two waves bounding the new regions 3, 4, and 5.
We solved the two equations iteratively by the Newton-
Raphson method until specified convergence criteria were
achieved. Since the equations are complicated, we found it
expedient to evaluate the Jacobian required in these
calculations numerically. The closed-form solutions thus
obtained are compared with the finite difference solutions in
Figs. 6-8. The properties of each region as determined by the
closed-form solution are presented in Table 1 for all three
problems. '

Problem Setup

Stoichiometric hydrogen-air was the unburnt mixture
chosen. Based on the work of Heimel® and Drell and Belles, !
an empirical relation for the burning velocity of this mixture
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Fig. 8a Initial density profiles for the shock-flame merging problem.
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Fig. 8b Flux-corrected solution obtained by weighting the first- and
second-order accurate solutions.
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was chosen to demonstrate the flame-flow calculations. Here,
the subscript 0 denotes reference values: 7, =298 K, p, =101
kPa (1 atm), and S, = 1.85 m/s; the laminar burning velocity
at the reference conditions. ¢ is an arbitrary dimensionless
constant which is assigned a value of 1 in the first problem
and 10 in the second and third problems. The ratio of specific
heats for the burnt mixture was specified to be 1.17—the
equilibrium value for constant-pressure combustion. A 1-m
long duct of uniform cross section was discretized into 100
nodes. For each problem, initial conditions at the nodes were
defined to correspond to the wave system. The jumps in the
properties across the waves were specified to occur between
two adjacent nodes. Since the focus is on wave interactions,
the waves were positioned initially such that the boundaries
are far enough away to be ‘‘unaware’’ of the interaction in the
time period considered. Consequently, the boundary con-
ditions were enforced to be time-invariant initial conditions.
The time step was determined at each solution time based on a
Courant number of 0.5.

Finite Difference Solutions

The solutions for the first problem are presented in Figs.
6a-d. The density profile of the initial flame is shown in Fig.
6a. The flame location is indicated by the dashed vertical line
separating the unburnt and burnt regions. Since the densities
in the two regions differ greatly (about an order of
magnitude), we have used for clarity different ordinate scales
for the two regions.

The density profiles predicted by the different versions of
the solution are presented in Figs. 6b and c; all are for the
same elapsed time after the step increase in the initial flame
speed. In the first-order accurate solution (Fig. 6b), the sharp
gradients are smeared excessively, but no oscillations appear.
The second-order solution vyields sharper profiles but
generates spurious postshock oscillations. The flux-corrected
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solution (Fig. 6¢) obtained by a nonlinear weighting of the
lower and higher order solutions alleviates the oscillations
while reducing the smearing somewhat. The smearing of the
sharp gradients in Eulerian grids is inevitable because,
however small a quantity of mass, momentum, or energy
crosses the boundaries of a nodal volume, it gets mixed over
the entire volume in the process of defining an averaged
quantity at the center of the volume. The flux-correction
procedure reduces the smearing effect, but cannot eliminate
1t.

The initial density profiles for the shock-flame collision
(second) problem are shown in Fig. 7a. The flux-corrected
solutions at an instant after the collision are compared with
the analytical solution in Fig. 7b. The outcome of the in-
teractions, including property jumps across the shock and
expansion waves and wave speeds, are predicted correctly, but
the smearing problem persists. Similar results are obtained for
the problem of shock-flame merging (Figs. 8a and 8b).

V. Conclusions

A procedure to embed a discontinuous flame in a Eulerian
grid and propagate the flame according to a specified em-
pirical burning law has been presented. A merit of this ap-
proach is that it eliminates costly flame structure calculations
and focuses on the pressure and temperature information. A
conservative, explicit, finite difference method incorporating
the flame embedding procedure has been benchmarked on
flame-flow interaction problems. The method is based on flux
splitting, which lends itself to efficient estimation of first- and
second-order accurate solutions and thereby to a weighting of
these two in a flux correction procedure. The first-order
scheme yields no spurious oscillations, but diffuses the sharp
gradients excessively. The second-order scheme produces
sharper profiles, but generates erroneous postshock
oscillations. The flux-corrected solution alleviates the un-
desirable features of the two. The result is correct prediction
of the outcome of the interactions, including wave speed and
property jumps across the waves. However, the smearing of
the sharp gradients persists. The extent of smearing can be
limited by using a finer grid in regions where large gradients
exist. This aspect and extension of the method to two spatial
dimensions will be the subjects of future work.
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